THE FATOU THEOREM AND ITS CONVERSE

BY
F. W. GEHRING

1. Introduction. Let H* denote the class of functions which are non-
negative and harmonic in the upper half plane y>0 and let H denote the
class of functions which can be expressed as the difference of two functions in
H+; obviously H*CH. It is well known that a function #(x, ) has the Pois-
son-Stieltjes representation
(1.1) (i) = Kyt — [ —L—daly

. u(x, y) = — ——— da(s),
’ Y TV (S - x)2 + y2

where K is a constant and

© | da
(1.2) jl %< @,

if and only if u(x, v) is in H (see [5]). Hence with each function «(x, y) in
H we can associate a function «a(s) and a constant K such that (1.1) and (1.2)
hold; we can further assume that a(0) =0. For each u(x, y) in H*, a(s) is non-
decreasing and K >0.

In this paper we are concerned with the behaviour of a function u(x, ),
in H, and its derivatives as (x, ¥) approaches a point P on the x-axis. For con-
venience we take P to be the origin.

Our starting point is the following pair of results (see [4]).

FaTou THEOREM. Suppose that u(x, y) is in H and that &’ (0) = A. Then for
each 0 <0<, u(r cos @, r sin ) —A4 as r—04.

The converse of this theorem is not true unless we restrict ourselves to
the subclass H+. In this case we have the following result.

LooMis THEOREM. Suppose that u(x, y) is in H, that 0 <a b <, and that
for 6=a and =0,

u(r cos 0, r sin ) — A
as r—0+. Then o'(0)=A.

The Fatou theorem is an Abelian theorem, the Loomis theorem is the cor-
responding Tauberian theorem, and the Tauberian condition is the restriction
that u(x, y) >0.

Presented to the Society, November 25, 1955 under the title The converse of Fatou's theorem
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In §3 we prove several extensions of the Fatou theorem and in §4 we pre-
sent the corresponding converses. The arguments in §4 are very simple and
make use of a variant of the Wiener Tauberian theorem which is developed
in §2. Finally in §5 we consider an extension of a well known result due to
Lindelsf.

2. A Tauberian theorem. In this section we introduce a two dimensional
form of the Wiener Tauberian theorem for Stieltjes integrals. We begin with
some definitions and notation.

A function f(x) is in L if it is Lebesgue integrable over the real line. For
f(x) in L we let

2.1) P [ @in Fo) = [ e

for all real y.
A function f(x) is in M if it is continuous for all x and if

(2.2) >, Max |f(x)| < .
n=—o nzn+1

Obviously MCL.
A function $(x) is in V if it has bounded variation over each finite interval
and if

(2.3) f”“ | dB(=) |

is bounded in 7.

LEMMA 1. Suppose that f(x) and g(x) are in L. Then k(x) =f+ g(x), that is

k@) = [ = Dei

exists p.p. in x, k(x) is in L, and K(y) = F(y)G(y). Furthermore k(x) is in M
f(x) and/or g(x) is in M.

Proof. The first part of this lemma follows from known results. For the
last part assume that f(x) is in M. Then the fact that f(x) is bounded and con-

tinuous allows us to apply the Lebesgue “dominated convergence” theorem to
conclude that k(x) is continuous. Next we see that

X Max k@] < 3 Max [Tl le)]dy
<z<n+1 —0

ne—on BIz<n+1 f=—o0 NZ

> { > Max | f(=)] fmm+1|g(y)ldy}

Ne=—co Mm=—oo B—M—1<z<n—m+1



108 F. W. GEHRING [May

and, inverting the order of summation, we conclude that
S e (k@] <([le o) £ Max (i) ) <
n=—ow n<zintl — nm—oo N<z<n+2

which completes the argument.
The Wiener Tauberian Theorem for Stieltjes integrals can be stated, using
(2.1), as follows (see [3, p. 294]).

WIENER THEOREM. Suppose that f(x) is in M, that F(y) =0 for all y, that
B(x) is in V, and that

[ 1= pas) 8

as x—+ . Then for each h(x) in M,
© B
[ M= nas) - — 1

as x—+ o©.
With the aid of Lemma 1 we obtain the following result.

THEOREM 1. Suppose that fi(x), fo(x), gi1(x), g2(x) are in M, that Fi(y)Ga(y)
— Fy(y)Gi(y) #0 for all y, that B(x), v(x) are in V, and that

[ 5= s + [ e = pintn) — 5,
(2.4) - -

[ atx = s + [ aata = pavin —c

as x—+ « (— ©). Then for each h(x) in M
® BG; — CF.

J e = s — 2

CF, — BG,

h(x — v)d _
f_w (= Div(s) =

’

(2.5)

as x——+ o (— x),

Proof. We consider the case where x— 4+ « ; the case where x— — o then
follows with trivial modifications. Set

1) = [t = 9aso) + [ e = Dniy),

/@ = [ ate = 9as) + [ etz = vy,

—o0
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Both b(x) and ¢(x) are bounded by virtue of the hypotheses, (2.2), and (2.3).
Hence with (2.4) and the Lebesgue theorem we conclude that

beas(a) = [ bz = Deato)dy — BG
(2.6) o

cx fo(x) = fwc(x — y)f2(y)dy — CF,

as x—-+ . Moreover, from the Fubini theorem it follows that

beas(e) = [ fesa = D80) + [ faeals = a0,
(2.7) - o

cofi®) = [ e sstx = 980) + [ 1o sia = ()

—o0

and, with k(x) =f1 * go(x) —f2 + g1(x), we conclude from (2.6) and (2.7) that
(2.8) f k(x — y)dB(y) — BGy — CF,

as x—+ «. By Lemma 1, k(x) is in M,
K(y) = Fi(y)G2(y) — Fa(9)Gi(y) # 0

for all y, and we can apply the Wiener theorem to (2.8) to obtain the first
part of (2.5). The second part follows in exactly the same way.

To obtain a more convenient form for our Tauberian theorem we perform
a familiar exponential change of variable and shift from the interval
— o <x< ® to the interval 0<¢< «. (For the details see [3, pp. 295-296].)
The analogues for L, M, and V are as follows.

A function f(¢) is in L’ if it is Lebesgue integrable over 0 <¢< «. For f(¢)
in L’ we let

F= f i, By = f " fyeva

for all real ».
A function f(¢) is in M’ if f(¢) is continuous over 0 <¢{< « and if

i Max | #(f)]| < oo.

n=—w <t<ent,

Again M'CL’. Observe that f(¢) is in M’ if f(t) is continuous over 0 <f{< o«
and if, for some €>0,

(2.9 f(t) = 0(1)
for large ¢ (see [3, p. 299]).
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A function B(¢) is in V' if it has bounded variation over each finite interval
in 0<¢t< 0 and if
f“ | dp(s) |
t s
is bounded for all £>0.
THEOREM 2. Suppose that f1(t), fo(t), g1(t), g2(t) are in M’, that Fi(y)Ga(y)
— Fo(y)Gi(y) #0 for all y, that B(t), ¥(t) are in V', and that

—f (= )dﬁ(s)+ ff( Yir - 5,
RNy RE

as t—~+ «© (0+4). Then for each k(t) in M’,
__f ( )dﬁ(s) _"}_:QEH,
F\G: — FiG,
_~f ( >d7(s) L - Be
F\Gy — FiG,
as t—+ o (04).

We require the following corollary in §4.

(2.10)

CoROLLARY 1. Suppose, in addition to the hypotheses of Theorem 2, that B(t)
and y(t) are monotone and that 3(0) =vy(0) =0. Then

B BG: — CF,  ~(?) CF, — BG,

(2.11) AN kP < SN
¢ F\G, —FG, ¢ F\G; — FoG,
as t—+ « (0+).
Proof. If we set h(t) =e~¢, then k(¢) is in M’ and we conclude, from (2.10),
that
f GIDdR(s) — BG: = CFz
— e G )
sz - F2Gl
f Wiy (s) > 2 DO
J— e (s v(s
1Gz F.G,

as t—+ » (0+). Now (2.11) follows from a familiar Tauberian theorem for
the Laplace transform. (See [8, p. 192].)

3. Extensions of the Fatou theorem. Here we develop some Abelian re-
sults related to the Fatou theorem. It will be convenient to make use of the
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complex notation, writing #(x-+1%y) for #(x, ¥) and letting R(w) and I'(w) de-

note the real and imaginary parts, respectively, of the complex number w.
For %(z), harmonic, and n>1 we let

" o"u

+ sin ‘ba yox1

D;u = cos l[/

denote the nth directional derivative of #(2) in the direction §. Observe that

n . arf
Dyu = R(e"’ ),
dz»

where f(z) is analytic with #=R(f), and that any linear combination of nth
derivatives of #(2) can be expressed as CDyu(z), where C is a constant and ¢
is an appropriate angle.
For #(2) in H we have the Poisson-Stieltjes representation (1.1) which,
in complex notation, reduces to
} da(s).
2

3.1) u(z) = Ky + :lr—f_:I{s i

The Lebesgue theorem and (1.2) allow us to differentiate underneath the
integral sign in (3.1) to obtain

(3.2 Dyu(z) = Ksiny + — f { z)z} da(s)
and, for >1,
3.3) Dwu(z) = — f_ 5 { — z)n+1} da(s).

Next for any ¢>0, it follows from (1.2) that

[ Lde] _ o)
|

sl>¢ IS_Z|2

f...zf {s - dat) = 00),
fmzd I{(T__%} da(s) = 0(1)
as z—0.

We list some formulas which are required later on.

as z—0 and hence

(3.4
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LEMMA 2(Y). Suppose that —1 < R({) <1, that 0 <8 <m, and that n>1. Then

1 w 1 . -
(3-5) _f I{ .}sfds=s_m_(:__)f,

mJo s —ef sin w{

1 r= 1 sin 6¢
T VAT P

mJo s+ e sin 7
(3.7 z wl{ o }sfds _ ©asin [(x i w—n]

T Jo (s — eif)n+1 sin 7t

69 ot 71 L}S%J?)nsin o + ¢ — n0)]

(T_|_ i)+l sin ¢
where we set
\3.9) En=¢¢ -1 - (—n+1).

Proof. (3.6) and (3.8) can be established for —7 <8 <w by contour integra-
tion. (Alternatively, they can be deduced from known Mellin transforms. See
[2, pp. 307-308].) Then (3.5) and (3.7) follow from (3.6) and (3.8) by sub-
stituting § — for 6.

Our first Abelian theorem is the following result.

THEOREM 3. Suppose that u(z) is in H, that —1<8<1, and that

a(t) = O(| [+
as t—0. Then for all 0<0<m, ¢, and n>1,

u(re’®) = O(r?), Dyu(rei) = 6(1'5"‘)

as r—0+. We can replace “O” by “0” in both the hypotheses and the conclusions.

Proof. We will consider the “0” case. By hypothesis we can select ¢>0

such that
(3.10) la(t)[ Seltll+6

for [t] <c and by (3.4) we can assume that «(f) is constant outside of this
interval. Next we can assume that K=0 in (3.1) and (3.2) and, with an
integration by parts, we obtain

1 ® 1
u(z) = :f I{(s — 2)2} a(s)ds,

n n+ 1! £ 4
Dyu(z) _ - ) f ]{rez)m—}a(s)ds.

(*) When ¢=0 in (3.5), (3.6), (3.7), (3.8), (4.12) and similarly when =0 in (3.13), (4.5),
(4.7), the left hand side of each equation is equal to the limit of the right hand side as the rele-
vant variable, ¢ or 8, approaches 0.




1957] THE FATOU THEOREM AND ITS CONVERSE 113

Then with (3.10) we have

™

and the desired conclusions follow immediately since, for n>1,

w |s|1+s © la[1+a
f ———ds = r‘“"f ——————do = Crt-"
. [ s — rei ln+2 . | o — et In+z

where C=C(, 6, n) < «.
THEOREM 4. Suppose that u(z) is in H, that —1<8<1, and that
a(t) ~ As,
—a(—1) ~ B+t
as t—04. Then for all 0<0<m, ¥, and n>1,
u(re’®) = u*(re®®) 4+ o(r?),

Dyu(re’®) = Dyu*(re’) + o(r*)

@.1)(®)

(3.12)

as r—0+, where
A sin (x — 6)6 + B sin 66 ,
s,

(3.13) u*(re’®) = (14 9) -
sin d

Proof. This last result follows almost directly from Theorem 3. First set
(3.14) a*(l) = As, —a*(—1) = Bi't?
for 0<t< o ; then a*(¢) satisfies (1.2) and

o= [

is in H. From (3.11) and (3.14) it follows that
a(f) — a*(t) = o(| t[*+3)

as t—0 and hence (3.12) follows from Theorem 3. Finally we see that u*(re¥)
is simply

A4 r> 1 B pr~ 1
(l+6){—f I( .>a‘da——f I( ,)a"do'}r‘
T Jdo o — e mJdo o+ e

and (3.13) follows from (3.5) and (3.6) of Lemma 2 with {=3.
(*) Here and in what follows ¢(x) ~Cx? means x¢(x)—=C as x—0+.
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Theorem 4 establishes a relation between the behaviour of «(f) near t=0
and the behaviour of #(z) near z=0 for ] 8[ <1. (In particular we obtain the
Fatou theorem when § =0 and 4 = B.) Itis natural to inquire about the situa-
tion when |8 =1.

The following two results discuss the cases when §= —1 and =1 respec-
tively.

THEOREM 5. Suppose that u(2) is in H and that
a(t) — a(—t) > Axw
as t—0+. Then for all 0<0<m, ¢, and n2>1,
u(re®®) = u*(re®®) 4+ o(rY),
Dyu(rei®) = Dyuit(re®) + o)
as r—0+, where u*(x, v) =Ay(x*+y?).
THEOREM 6. Suppose that u(z) is in H and that the integral

(3.15) — f d“(s)

is absolutely convergent. Then for all 0 <0 <m, ¥, and n>1,
u(re®) = u*(re®) + o(r),

Dyu(re®) = D:u*(rew) +o(r

as r—0+, where u*(x, y) = (A+K)y.

Proofs. First note that Theorem 3 holds for § = —1; Theorem 5 is then
established by an argument similar to the one used in the proof of Theorem 4.
The hypotheses of Theorem 6 imply that 1/s?isintegrable, in the Lebesgue-
Stieltjes sense, over the real line. By (3.1),
1) ©
u(re?) —K4 i da(s). )
7 sin T J_w |s—re“"l2
For s#0, 1/ |(s—re"’) |2 is bounded by C/s? and converges to 1/s% as r—0+,
and the first part of (3.16) follows by the “dominated convergence” theorem.
The second part follows similarly.

When u(z) is in H, there is no significant Fatou theorem with | 3| >1. For
on the one hand, a(f) has left and right hand limits at each point and hence
the conclusion of Theorem 5 always holds for some value of 4. On the other
hand, Theorem 6 shows us that for §>1 the behaviour of u(z) near z=0 de-
pends upon the values a(t) assumes along the entire real line. For functions
in H+ this last fact is strikingly illustrated in Theorem 11.

4. Extensions of the Loomis theorem. We begin with a result which, for
functions in H+, is a converse for Theorem 3 (cf. [1, Lemma 1]).

(3.16)
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THEOREM 7. Suppose that w(z) is tn H*, that & is any real number, that
0<a<m, and that for 6=a,
4.1) u(re'®) = O(r?)
as r—0+. Then (4.1) holds for all 0<0<w and
() = O(] ¢]*+9)
as t—0. We can replace “O” by “0” in the hypotheses and the conclusions.

Proof. It is not difficult to see that we may take K =0 in (3.1). Then, with

sin 6 o — e |2
C=— LUB —| < o,
sin @ |o|<= |0 — €%
we obtain
. ® rsind
u(ret?) = — da(s)

C f* rsina .
<— s da(s) = Cu(re®).

T rd_ o |s—re|

The second part follows since

a(t) — a(—1t) t ot
___T_—SZINLHVM”SMMQQ

for each ¢>0.

The next three theorems are converses for Theorem 4. In these results we
assume that 0<a, b<m, that —1<8<1, and that m, n>1. Furthermore we
set

4.2) k= ¢ — ma, n=d — nb,
and we adopt the notation (3.9).
THEOREM 8. Suppose that u(z) is in H*, that a b, and that

4.3) u(rei®) ~ Ar®, u(rei®) ~ Br?
as r—0+4. Then
(4.4) a(t) ~ CtHtd, —q(—1t) ~ Dirtd

as t—04, where
A sin b6 — Bsin ad
(1+9)C = sin (b — a)s
Bsin (v — a)5 — 4 sin (v — b)8

sin (b — a)d

(4.5)

1+ 8D =
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Theorem 8 was first proved by Allen and Kerr by a different method (see
[1, Theorem III]).

THEOREM 9. Suppose that u(z) is in H™, that (b—a)d+7#£0 mod =, and
that

u(re’®) ~ Ar?,
Diy(re®) ~ Brt—n
as r—04. Then (4.4) holds with
(8) A sin [66 4+ n] — Bsin aé
(8)n sin [(b — a)d + 1]
Bsin (r — a)6 — (8),4 sin [(x — b)6 — 7]
() 510 [(b — @)8 + 1] '

THEOREM 10. Suppose that u(z) is in H*, that (b—a)d+R—u#0 mod m,
that 60, and that

(4.6)

(1 +8)C =

4.7

(148D =

u(re’®) = 0(r?),
D, u(rei®) ~ Art—m,
Dau(re®) ~ Brb—m
as r—0+. Then (4.4) holds with

(8)ad sin [68 + 7] — (8)mB sin [aé + ]
(®)m(8)a sin [(b — )b + n — 4]
() mBsin [(r — a)s — u] — (8)a4 sin [(x — b)s — 7]
(®)n(®)n sin [(6 — @)6 + 7 — u] '

(1+68)C =

(148D =

Proofs. The proofs for these three theorems follow along similar lines. We
give only the details for Theorem 9.

By (3.4) we can assume that a(f) is constant for large ¢; by (4.6) and
Theorem 7 we see that

a() = O(] |+
for small t. From these two observations it follows that

t da
80) = [ 9,

S

o) = _j;‘ da(—s)

§0

(4.8)

are defined and that
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et | dB(s) | ¢ da(s) _ a(et) — a(t)
f: s = j: si+s = J1+8 = o),
et | dvy(s) | ¢ da(—s) a(—t) — a(—et)
ﬁ s - == j: Sl+8 S tl+6 = O(l)

for all ¢£>0. Hence B(t) and «(¢) are in V’. Furthermore, by a Tauberian
theorem due to Allen and Kerr,

O o '&t)—)(1+a)c

ll+6
®-9) (—1) 0)
—a(— v
) — D iff T g (1 + 5)D

as t—0-+ (see [1, Lemma 2]).
Once again we can assume that K =0 in (3.1) and (3.2). Then with (4.8)

we obtain
t] 1 ) ss
d - — I
- } Als) ] j; {s + 2

u() = = IR bars,
Djus == [ =~ m} 0 + (- = [ ”1{$}dﬂo.

and with
1 1 18
7t = — 1{ ew} wo = - — 1{—},
(4.10) )
t) = ﬁ- ]{ ew } (;) = (...1)n+1 n_' I{L}
gl( (t _ e‘b)"““ 82 T (l + eib)n+l )

we conclude that

rourei®) = — f 51(2) a8+ f fz( )dv(s).
r""DZu(re“) = ~ fo & (-;) ap(s) + - j; g2 (%) dv(s)

for »r>0. By virtue of (2.9), all the functions in (4.10) are in M’ and, by
Lemma 2 and (4.2), we have

(4.11)

Fi(y) = M, Fa(y) = s%n ag‘,
sin w{ sin 7t
Gty = Dol = DE=al ) Qasin A a],

sin #{ sin ¢
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where {=08+1y. It follows that

wsin [(b —
@1 ROG) - FOIG) = 25 [6—ag+a]

sin w{

for all real y and we appeal to (4.6), (4.11), Corollary 1, and (4.9) to complete
the proof.
Unfortunately, the restriction that §0 is essential in Theorem 10. For
consider
f(z) — (log Z)i — ei log (logz)

where, for z=pe** and 0 <¢ <, we define
log 2 = log p + i¢.

Now f(2) is analytic and |f(z)] <1 in y>0. Furthermore it is not difficult to
show that for all 0<6<w and z2>1,

dﬂ
re) = o(r—
— Jlre®) = or~)
as r—0+. With u =R(f)+1 it follows that
(4.13) lim sup #(re*) — lim inf #(re®®) = 2¢,
r—0+ r—0+4

for each 0 <f <, and that %(2) satisfies the hypotheses of Theorem 10 with
6=0 and A =B =0. However, (4.4) cannot hold for any C and D for other-
wise Theorem 4 would contradict (4.13).

Finally consider the situation when |5[ =1. Though Theorem 5 has no
converse we can invert Theorem 6 as follows (cf. [7, p. 208]).

THEOREM 11. Suppose that u(z) is in H+ and that 0 <a <mw. If
u(ret) = O(r)
as r—0+, then the integral (3.15) is absolutely convergent. If
(4.14) u(reis) = o(r)
as r—0+, then u(z)=0.
Proof. By Theorem 7 we see that
u(0, ) K4 1 pr° da(s)

=01
¢ T J_ 524 12 n

(4.15)

as {—0+ and, by Fatou’s lemma, we conclude that

1 = da(s) o1 2 da(s)
(4.16) —f < lim inf —
TJ_o 2 -0+ T J_o s24 12
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With (4.14) we can replace “O” by “0” on the right side of (4.15) and we con-
clude that K and the left side of (4.16) are equal to zero; hence a(t) =0.

5. An application. Here we use Theorem 9 to obtain an extension of the
following result due to Lindelf (see [6, p. 70]).

LINDELSF THEOREM. Suppose that f(2) is analytic and bounded in y>0,
that 0 <a <m, and that for 0=a,

(5.1) f(ret®y > A 4+ iB
as r—04. Then (5.1) holds for all 0 <6 <.

LEMMA 3. Suppose that u(z) is in H, that v(2) is a conjugate for u(z), that
—1<6<1, and that

(5.2) aft) = O(] t|++9)
as t—0. If 0<a <w and
(5.3) u(re'®) ~ Art

as r—04, then
a )
— u(re®d) ~ sAr*1

as r—0+. If 0<b < and
v(rei®) ~ Br?

as r—0-, then
a9 .
— o(re®) ~ §Br*-1
ar

as r—0+.

Proof. For the first part set ¢(r) =u(re®) for »>0. By (5.3), (5.2), and
Theorem 3 we see that

é(r) ~ ArS,
¢"(r) = O(r*%)
as r—0+, and we conclude that
¢/'(r) ~ 8Ar*1

as r—0-+ by a well known Tauberian theorem due to Hardy and Littlewood
(see [8, p. 194]). The second part follows similarly.

Observe that Lemma 3 allows us to deduce Theorem 8 from Theorem 9.
For the hypotheses (4.3) imply that (5.2) holds, by virtue of Theorem 7, and
hence that



120 F. W. GEHRING [May

u(re) ~ Ar?,
D:u(re"’) ~ 8Br*!
as r—0+, by the first part of Lemma 3. Setting d =56 and n=1 in Theorem 9
completes the argument.

Now let @+ denote the class of functions f(z), analytic with R(f) >0 in
y>0, and assume that 0<a, b < and that —1<§<1.

THEOREM 12. Suppose that f(2) is in Q*F, that (b—a)d# (w/2) mod 7, and
that
R{f(re)} ~ 4r’,
I{f(re®)} ~ Br
as r—0+. Then for all 0<0<m and n>1,
f(ret®) = f*(re®®) + o(r?),
(5.5) Al dr

i) =
dz" Jre) dz"

(5.4)

f*(,eiﬁ) + 0(1’8_")

as r—04, where

(5 6) f*( ) Ae—ib5 + iBe—iaﬁ ,
. z) = —————————
cos (b — a)b
Proof. Set #=R(f) and v=1I(f); u(z) is in H*, By (5.4) we see that
u(rei®) ~ Ars,
(5.7 ( . )
v(reit) ~ Br?
as r—0-+. With Theorem 7 and the second part of Lemma 3 we obtain
a
— y(re®) ~ §Bri-1
ar

as r—0-, and appealing to the Cauchy-Riemann equations we conclude that
(5.8) D;u(re“’) ~ 3Br!

as r—0+, where d=b—m/2. Now apply Theorem 9 to the first part of (5.7)
and to (5.8); we obtain (4.4) with

A cos b + B sin ad

(1+0)C = cos (b — a)é
_ A cos (r — b)é — Bsin (7 — a)b
(140D = cos (b — a)d

From Theorem 4 it follows that for all 0 <6<, ¢, and n>1
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u(re?) = u*(re) + o(r%),
D:u(re“) = Dyu*(re”) + o(r"™)

as r—0-, where #*=R(f*) and f*(2) is as defined in (5.6). Set v*=I(f*) and
observe, by the Cauchy-Riemann equations and the second part of (5.9), that

(5.9)

(5.10) %v(re“’) = %’v*(re“) + o(r?)

as r—0+. We conclude(®) that for all 0 <0<,

o9
v(re®) = f ;# v(re)dp + v(reid)
b

8

f i v*(re'®)do + v*(re®) + o(r?)
b ¢

v*(ret®) + o(r?)

as r—0+ and the proof is complete.

Finally if |f(z)] <M we can replace f(z) by f(s)+M and obtain the
Lindelsf theorem from Theorem 12 with a=5 and 6§=0.
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(®) It is not difficult to show that (5.10) holds uniformly in ¢ for ¢ between b and 6.



